The null geodesic equations that describe motion of photons in Kerr spacetime are solved exactly in the presence of the cosmological constant Λ. The exact solution for the deflection angle for generic light orbits (i.e. non-polar, non-equatorial) is calculated in terms of the generalized hypergeometric functions of Appell and Lauricella.
Introduction
The issue of the bending of light (and the associated phenomenon of gravitational lensing) from the gravitational field of a celectial body (planet, star, black hole, galaxy) has been a very active and fruitful area of research for fundamental physics. The Munich astronomer Johann Georg von Soldner in 1801 [1] using Newtonian mechanics and assuming a corpuscular theory for light derived a value for the deflection angle in the Sun's gravitational field ∆φ S = 0 ′′ .875. Later, Einstein using the equations of general relativity [2] , derived a value of ∼ 1 ′′ .75 which is consistent with the findings of Eddington's solar eclipse experiment and subsequent measurements.
Despite the importance of the gravitational bending of light, in unravelling the nature of the gravitational field and its cosmological implications not many exact analytic results for the deflection angle of light orbits from the gravitational field of important astrophysical objects are known in the literature.
Recently, progress has been achieved [6] in obtaining the closed form (strongfield) solution for the deflection angle of an equatorial light ray in the Kerr gravitational field (spinning black hole, rotating mass). Thus, going beyond the corresponding calculation for the static gravitational field of a Schwarzschild black hole [3] , [4] . More specifically, the closed form solution for the gravitational bending of light for an equatorial photon orbit in Kerr spacetime was derived and expressed elegantly in terms of Lauricella's hypergeometric function F D .
It was then applied, to calculate the deflection angle for various values of the impact parameter and the spin of the galactic centre black hole Sgr A*. The results exhibited clearly, the strong dependence of the gravitational bending of light, on the spin of the black hole for small values of impact parameter (frame dragging effects) [6] . In addition, in [6] , the exact solution for (unstable) spherical bound polar and non-polar photonic orbits was derived. However, the closed form analytic solution for the important class of generic (i.e. non-polar and non-equatorial) unbound light orbits were left out of the discussion in [6] .
One of the unsolved related important problems so far was the full analytic treatment of the Kerr and Kerr-de Sitter black holes as gravitational lenses. The closed form solution of this problem is imperative since the Kerr black hole acts as a very strong gravitational lense and we may probe general relativity, through the phenomenon of the bending of light induced by the space time curvature of a spinning black hole, at the strong gravitational field regime. A completely unexplored region of paramount importance for fundamental physics and cosmology.
It is therefore the purpose of the present paper to calculate the exact solution for the deflection angle for a generic photon orbit in the asymptotically flat Kerr spacetime therefore generalizing the results in [6] and solve in closed analytic form the more involved problem of treating the rotating black hole as a gravitational lense. The constructed Kerr black hole gravitational lens geometry consists of an observer and a source located far away and placed at arbitrary inclination with respect to black hole's equatorial plane.
More specifically, we solve for the first time in closed analytic form, the resulting lens equations in Kerr geometry, in terms of the Weierstraß elliptic function ℘(z), equation (85), and in terms of generalized hypergeometric functions of Appell-Lauricella equations (89), (82), (60), (99).
In addition, we calculate for the first time exactly the resulting magnification factors for generic light orbits in terms of the hypergeometric functions of Appell and Lauricella. Our closed form form solutions for the source and image potitions of the lens equations and the corresponding magnification factors represent an important progress step in the extraction of the phenomenological and astrophysical implications of spinning black holes.
The resulting theory is of paramount importance for the galactic centre studies given the strong experimental evidence we have from observation of stellar orbits and flares, that the Sagittarius A * region, at the galactic centre of Milky-Way, harbours a supermassive rotating black hole with mass of 4 million solar masses [7] , [8] . Given the fact that the GRAVITY experiment [8] and the proposed 30 metre telescope (TMT) [7] aim at an accurary of 10 µarcs the images calculated in this work and formed near the event horizon of the spinning black hole should be a subject of experimental scrutiny.
Previous efforts on the issue of gravitational lensing from a Kerr black hole were concentrated on various approximations as well as numerical techniques using formal integrals [10] , [11] .
The material of this work is organized as follows: in section 2, we present the null geodesics in a Kerr spacetime with a cosmological constant. In section 3 we describe the Kerr-lens geometry and relate the first integrals of motion to the observer's image plane coordinates. In section 4 we derive a formal expression for the magnification using the Jacobian that relates observer's image plane coordinates to the source position. This expression involves derivatives of the lens equations in Kerr geometry and in our contribution we shall calculate in closed form these derivatives in terms of the generalized hypergeometric functions of Appell-Lauricella. In section 5, we derive constraints from the condition that a photon escapes to infinity and it is not caught in a (unstable) spherical orbit. These constraints on the Carter's constant and impact factor define a region usually called the shadow of the rotating black hole. For values of the initial conditions inside the region enclosed by the boundary of the shadow and the line with null value for Carter's constant there is no lensing effect since the photons cannot escape and reach an observer. We also discuss constraints arising from the polar motion. In section 7, we derive for the first time the closed form solution for the angular integrals involved in the gravitational Kerr lens, in terms of the generalized hypergeometric functions of Appell-Lauricella. The full exact solution for a light ray which originates from source's polar position and involves m−polar inversions before reaching the polar coordinate of the observer is derived: equations (64),(60). In section 7, we perform the analytic computation of the radial integrals involved in the Kerr-lens in terms of the hypergeometric functions of Appell and Lauricella. In the same section, we derive the closed form solution for the source polar position in terms of the Weierstraß elliptic function ℘(z, g 2 , g 3 ) that implements the constraint that arises from the first lens equation (4) . In sections 8, 8.3, we apply our exact solutions for the calculation of the source and image positions for various values of the spin of the black hole and the first integrals of motion, for an equatorial observer and an observer located at a polar angle of π/3 respectively. We exhibit the image positions on the observer's image plane. In Appendix A, we collect the definition and the integral representation of Lauricella's multivariable hypergeometric function F D .
In addition in appendix A, we prove in the form of Propositions, some mathematical results concerning the transformation properties of the function F D which are used in the main text.
2 Null geodesics in a Kerr-(anti) de Sitter black hole.
Taking into account the contribution from the cosmological constant Λ, the generalization of the Kerr solution is described by the Kerr-de Sitter metric element which in Boyer-Lindquist (BL) coordinates is given by [12] - [13] :
We denote by a the rotation (Kerr) parameter and M denotes the mass of the spinning black hole.
The relevant null geodesic differential equations for the calculation of the gravitational lensing effects (lens-equation) and for the calculation of the deflection angle are:
where
and
We also derive the equation related to time-delay:
The parameters Φ, Q are associated to the first integrals of motion. The former is the impact parameter and the latter is related to the hidden first integral (due to the separation of variables in the corresponding Hamilton-Jacobi partial differential equation (PDE)).
3 The Kerr black hole as a gravitational lens.
Observer's image plane
Assume without loss of generality that the observer's position is at (r O , θ O , 0). Likewise, for the source we have (r S , θ S , φ S ) . We also assume in this section that Λ = 0. In the observer's reference frame, an incoming light ray is described by a parametric curve x(r), y(r), z(r), where r 2 = x 2 +y 2 +z 2 . For large r this the usual radial BL coordinate. At the location of the observer, the tangent vector to the parametric curve is given by: (dx/dr)| rO x+(dy/dr)| rO y+(dz/dr)| rO z. This vector describes a straight line which intersects the (α, β) plane or observer's image plane as it is usually called [9] - [11] at (α i , β i ) see fig.1 .
The point (α i , β i ) is the point (−β i cos θ O , α i , β i cos θ O ) in the (x, y, z) system. Our purpose now is to relate the α i , β i variables to the first integrals of motion Φ, Q. For this we need to use the equation of straight line in space. A straight line can be defined from a point P 1 (x 1 , y 1 , z 1 ) on it and a vector ǫ(ǫ 1, ǫ 2, ǫ 3 ) parallel to it. The analytic equations of straight line are then:
Applying (9) we derive the equations:
(10) Solving for α i , β i we obtain the equations:
Now we have from the null geodesics that:
and dφ dr
Figure 1: The Kerr black hole gravitational lens geometry. The reference frame is chosen so that, as seen from infinity, the black hole is rotating around the z-axis.
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Using eqns (13), (14) and assuming large observer's distance r O (i.e. r O −→ ∞) we derive simplified expressions relating the coordinates (α i , β i ) on the observer's image plane to the integrals of motion
We can also express the position of the source on the observer's sky in terms of its coordinates (r S , θ S , φ S ) and the observer coordinates. Indeed, the equation for a straight line can be determined by two points P 1 (x 1 , y 1 , z 1 ), P 2 (x 2 , y 2 , z 2 ):
Thus applying the above formula for the straight line connecting the observer and the source yields the equations:
4 Magnification factors and positions of images.
In the following sections, we shall perform a detailed novel calculation of the lens effect for the deflection of light produced by the gravitational field of a rotating (Kerr) black hole and a cosmological Kerr black hole (i.e. for non-zero cosmological constant Λ). The flux of an image of an infinitesimal source is the product of its surface brightness and the solid angle ∆ω it subtends on the sky. Since the former quantity is unchanged during light deflection, the ratio of the flux of a sufficiently small image to that of its corresponding source in the absence of the lens, is given by
where 0-subscripts denote undeflected quantities [5] and J is the Jacobian of the transformation (
, y i ) we can find expressions for the partial derivatives appearing in the Jacobian by differentiating equations (4) and (5). Indeed, the Jacobian is given by the expression:
1 Recall in the small angles approxiamation:
Also we define: (4) and (5) as follows:
we set up the following system of equations:
Solving for x, y, z, w we obtain:
The parameters n = 0, 1, 2, . . . and m = 0, 1, 2, . . . are the number of windings around the z axis and the number of turning points in the polar coordinate θ respectively. We shall discuss the latter in detail in the section that follows.
5
The boundary of the shadow of the rotating black hole and constraints on the parameter space.
The condition for a photon to escape to infinity , which is also the condition for the spherical photon orbits in Kerr spacetime [6] , is given by the vanishing of the quartic polynomial R(r) and its first derivative (also in this case
Proof. Applying the transformation:
onto the integral:
we derive:
and thus we obtain the result:
Likewise applying (41):
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Let us now compute exactly the term:
since cos 2 θ min / max = z m and θ min • θ max = −z m .
Equation (51) for z j = 0, becomes :
On the other hand the angular integrals of the form ± θ min / max θS in equation (5) are solved in closed analytic form as follows:
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An equivalent expression for the above integral is:
In going from equation (54) 
where:
y i is the possible position of the image and:
Thus we have that :
We now calculate in closed form the angular term A 1 (x i , y i , x S , y S , m) which appears in equations (21), (4) .
Indeed, the angular integrals of the form ± θ min / max θS , in equation (4), are computed in closed-analytic form in terms of Appell's generalized hypergeometric function of two variables as follows:
Also the integral (40) is calculated for z j = 0 in terms of ordinary Gauß's hypergeometric function:
Thus we obtain,
For m = 0 i.e. for no turning points in the polar coordinate the exact solutions for the angular integrals in equation (4), (5) become
7 Closed form solution for the radial integrals.
We now perform the radial integration assuming Λ = 0.
For an observer and a source located far away from the black hole, the relevant radial integrals can take the form:
For instance, in the calculation of the azimuthial coordinate (5) the following radial integral is involved:
where ∆ := r 2 + a 2 − 2GM r c 2 . In order to calculate the contribution to the deflection angle from the radial term we need to integrate the above equation from the distance of closest approach (e.g., from the maximum positive root of the quartic) to infinity. We denote the roots of the quartic polynomial R (eqn (6) for Λ = 0) by α, β, γ, δ : α > β > γ > δ. We manipulate first the terms:
(69) It is enough to proceed with the term 3 :
Expressing the roots of ∆ as r + , r − , which are the radii of the event horizon and the inner or Cauchy horizon respectively, and using partial fractions we derive the expression:
The radial term 2
is cancelled from the angular term:
where A go ± are given by the equations
For polar orbits Φ = 0 and the coefficients in (72) reduce to those calculated in [6] .
We organize all roots in ascending order of magnitude as follows 4 ,
where α µ = α µ+1 , α ν = α µ+2 , α ρ = α µ and α i = α µ−i , i = 1, 2, 3 and we have that α µ−1 ≥ α µ−2 > α µ−3 . By applying the transformation
or equivalently
we can bring our radial integrals into the familiar integral representation of Lauricella's F D and Appell's hypergeometric function F 1 of three and two variables respectively. Indeed, we derive
where the moduli κ 2 ± , µ 2 are
and α ± µ−1 = r ± . By defining a new variable z ′ := ωz we can express the contribution ∆φ go r1 ,to the deflection angle, from the above radial terms in terms of Lauricella's hypergeometric function F D ∆φ go r1
where the variables of the function F D are given in terms of the roots of the quartic and the radii of the event and Cauchy horizons by the expressions
An equivalent expression is as follows
In going from (80) to (82) we used the identity proven in [6] , eqn.(52) in [6] . Finally, the term
,is calculated in closed form in terms of Appell's first hypergeometric function of two-variables :
We exploit further the lens-equations (21). Indeed:
Inverting:
where ℘(z) denotes the Weierstraß elliptic function (which is also a meromorphic Jacobi modular form of weight 2 ) and the Weierstraß invariants are given in terms of the initial conditions by:
−α/4 and ǫ is a constant of intergration.
To recapitulate our exact solutions of the lens equations (21) are given by:
and equation (85).
In the subsequent sections we shall apply our exact solutions for the lens equations in the Kerr geometry expressed by (89),(85),(90) to particular cases which include: a) an equatorial observer:
Positions of images, source and resulting magnifications for an equatorial observer in a Kerr black hole.
In this case (θ O = π/2), equations (15), (16), become:
Thus the length of the vector on the observer's image plane equals to:
Furthermore, we derive the equations:
or equivalently:
8.1 Solution of the lens equation and the computation of θ S , φ S , α i , β i .
We now describe how we solve the lens equations (21) using the properties of the Weierstraß Jacobi modular form ℘(z) equation (85) and the computation of the radial and angular integrals in terms of Appell-Lauricella hypergeometric functions equations (83), (82), (64), (60) respectively. For a choice of initial conditions a, Φ, Q we determine values for the observer image plane coordinates α i , β i , see equation (91). Subsequently we determine the value of z S and therefore of θ S that satisfies the equation
using our exact solution for z S in terms of the Weierstraß elliptic function equation (85). For this we need to know at which regions of the fundamental period parallelogram the Weierstraß function takes real and negative values. Indeed, the function of Weierstraß takes the required values at the points:
. Thus as the parameter l varies we determine the value of z S that satisfies equations (85), (96). The quantities ω, ω ′ denote the Weierstraß half-periods. In the case under investigation ω is a real half-period while ω ′ is pure imaginary. For positive discriminant ∆ c = g 3 2 − 27g 2 3 , all three roots e 1 , e 2 , e 3 of 4z 3 − g 2 z − g 3 are real and if the e i are ordered so that e 1 > e 2 > e 3 we can choose the half-periods as
The period ratio τ is defined by τ = ω ′ /ω. An alternative expression for the real half-period ω of the Weierstraß elliptic function is given by the hypergeometric function of Gauß 6 :
Having determined θ S by the procedure we just described we determine the 5 Which is the closed form solution of the radial and angular integrals of the first of lens equations in eqn (21). 6 The three roots are given in terms of the first integrals of motion by the expressions: 
azimuthial position of the source φ S by the second equation of (21):
Let us give an example. For the choice Q = 24.64563
GM c 2 we determine z S = 0.3161007914992452, m = 3 and ∆φ = −11.086, φ S = 95.1794
• . Keeping fixed the value of the Kerr parameter we solved the lens equations for different values of Carter's constant Q and impact factor Φ. We exhibit our results in table 1 7 . Let us at this point, present a solution with a higher value for the Kerr parameter in Table 2 .
The positions of the images of Tables 1 and 2 on the observer's image plane are displayed in fig.2 and fig.3 respectively. In the same figures the boundary of the shadow of the spinning black hole is also displayed.
Closed form calculation for the magnifications.
We outline in this subsection, the closed-form calculation, of the resulting magnification factors. It turns out that the derivatives involved in the expression for the magnification are elegantly computed using the beautiful property of Table 2 as it will be detected on the observer image plane by an equatorial observer. The boundary of the shadow of the black hole is also exhibited. where J 1 denotes the Jacobian: 
In producing the results exhibited in eqns (100),(102) in our calculations for the magnification factors we made use of the important identity of Appell's hypergeometric function F 1 : ∂ m+n F 1 (α, β, β ′ , γ, x, y) ∂x m ∂x n = (α, m + n)(β, m)(β ′ , n)
F 1 (α + m + n, β + m, β ′ + n, γ + m + n, x, y) and its corresponding generalization for the fourth hypergeometric function of Lauricella. Similar calculations that we do not exhibit in this written account of our talk, lead to the derivation of the coefficients β 1 , β 2 , β 3 , β 4 in terms of the generalized hypergeometric functions of Appell-Lauricella. A phenomenological analysis of our exact solutions for the magnifications in Kerr spacetime will be a subject of a separate publication [15] . Table 3 as it will be detected on the observer image plane by an observer at θ O = π/3, φ O = 0. The boundary of the shadow of the black hole is also exhibited.
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